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Math 70 12.1 Algebra of Functions 

Overview of Chapter 12 
12.1 Function Composition 

12.2 

Inverse Functions [Functions that "un-do" each other when composed] 
Exponential Functions 

I 12,3 
12.4 

12.5 

Logarithmic Functions [Inverse functions (12.1) of Exponential Functions (12.2)] 
Properties of Logarithms [Unexpected traits of Logarithmic functions (12.3)] 

Natural logs, and Change of Base [Special logarithmic functions(12.3) and GC] 
12.6 & 12. 7 Solving Exponential and Logarithmic Equations and Applications 

*This chapter builds one section on the next, layering complicated concepts. 

Objectives 
1) Find a new function which is composition(/ o g)(x) of two given functions. 

2) Review 5.9: the sum(/+ gXx), difference(/ - g)(x), product(/· g)(x), quotient(/ I g)(x) 

3) Recognize function notation and notation for the names of these functions. 
4) Practice negative and positive exponents on common bases, in preparation for 12.2. 

Practice and Examples 

Given f(x) = 3x2 +4x+ land g(x) = 2x-5, find: 
a) (/ +g)(x) 

b) (/-g)(x) 

c) (/ · g)(x) 

d) (/I gXx) 

e} (go /)(x) 
f) (/ o g)(x) 

/(-1)=4 

2) Given f (O) = 5 

/(2)=7 

/(7)=1 

"' a) (/+ g)(2) 

..- b) (/ - g)(O) 

c) (/ · g)(7) 

v d) (/ · g)(O) 

e) (/I g)(O) 

.,., f) (g I /)(0) 

v g) (g 0 /)(2) 

< h) (f 0 g)(2) 

g(-1) =-4 

g(0)=-3 
,find 

g(2) =-1 

g(7) =9 

\, 
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~Obj,eClivts . 
·1) Observe that inverse functions, when cotnposed, "un-do" each other. 

'a) Notation 1-1(x) ispronounce"f .. inverseofx". 

CAUTION: This notation looks like an exponent, but it's not. Exponent would be outside: [/(x)f1 = ~x) 
CAUTION: 1-1(x)is NOT usually the reciprdcal of /(x). 

b) "Un-do" means: (f-1 ofXx)=x~ (for1)(x)=x 
2) Find the inverse of a function. 

a) From a list of ordered pairs 
b) Algebraically 
c) Is the resulting inverse a functiofl 1 

3) Determine if a function has an inverse function, AKA "is an invertible function". A function has an 
inverse function if: 

a) it is one-to"'One: for each y value there is at most one x value. 
b) its graph passes the horizontal line test 
c) Recall: To be a function, the graph must pass the vertical line test 

CAUTION: A graph can be one-to-One and not be a function, or vice-versa. To be an "invertible functi0n", 
~it must pass both the VL T and the Hl T. 

/ 4) Graph functions and their inverses. 
5) Use algebra to show that two functions are inverses of each other. Show that: (/-1 

o f)(x) = x and. 

(/ 0 f''"1)(x) = x 

Practice and Examples 
. 1 

1) Given /(x) = 2x+3and g(x) =-(x-3), find: 
2 

a) (gof)(x) 

b) (/og)(x) 

c) (go /)(23) 



1 
2) Complete the tables for f (x) = 2x + 3 and .g(x) = -(x-3) ; 2 
x y=f(x) x v= a(x1 
-2 -1 

v 

0 3 

1 5 £ 

52 107 
-1 -2 

3 0 
5 l 
107 52 

3) Find the inverse of the function. Graph the points of the function. Is the inverse a function 1 

x y=f(x) 
0 2 
1 3 
2 4 
3 5 
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4) Find the inverse of the function. Graph the points of the function. ls the inverse a function? 

x y=f(x) 
-1 2 
1 3 
2 4 
5 3 

x y 
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For each graph, identify 
~ a) ts it a function? 

b) ls it one-t0-0ne? 
c) Is it an invertible function? 

2 

... -· 4 j,(;5 ... ... .,i -· 4 

-· 
'{'-5 -ll 

... 
... ... 

8) 
5) 

4 

2 

... 

... 
6) 9) 

... ... .,i -· 2 4· 

4 .... 

-ll 

4. ... 
... ... 
... 10) 

7) 
~ 



11} Find the inverse of the function. 
v a) /(x)=2x+3 

/(x)=4x3 -l 

./ c) f(x)=V5x+1 

d) 
8 

/(x)=-
2x-3 

12) Graph the function and its inverse on the same grid . 

a)' f(x)=2x-5 
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-1-) l + 0 ca--) (I')( ) a vt d CJ o -~ ) (-x) a-1r-e.. u..s u._o..-\ ~ 'V'VU:rre... 

covnr\1c~.J-e.J 0xpr-e~s.<S."•OY"\S I ~+ ..kh1s -h~-e- ~ 
~t-- ~ v~ sr~ )<€.. r.:esvc.,,l-t / ~ . 

3) \N~V\ W-e. 'f'Ll-,\- \ V\ 0-... VCL\M_,e, o~ X 1 l"l ~ X = ~ '3 _) 

w~ ~ ~~· ~ .\-- -~ (?-1;>) Joes SoVVl.-e.~\~ +o ~40 e... 

?., ~ ~ ot Vle-vV r,.e_S-1..l.rlf- I Lfq) 

c-g lA-+. _ . 5 [ 49 J UVi -do-es ~+ / ._i-o '50 bcu.k. --h:, 2'3 . 

·-fWo ~V\..C~OV"\C> ~-+- ~o..,'-f .e,,. ~-\ s r.e.l cd-\ o \A-5 ~ p 

~ C~L'IG )J ~ >G 

1- c~ (-,c.)) -==->< 
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~V\. c::h °""5 . 

TV\ f1cvd-i ~ ... > 
+~J lS ~.e, \V°\\l'e,v-$£, D~ ~c>':J 
~ Oc ') \ s- -tk-e \ vi"'-eh s .e, of- +ex) 

No~~ ~ -1-kx~ $"p--ecia-\ \\/\~ Y-.-ela:t\bv-\s\-u@: 

+a.) =- ~\ [x} 

2JC)<. 1 ~ --t-\ c~) 



V' 

1 
2) Complete the tables for f(x) - 2x + 3 and g(x) - -(x -3) - - _.p- ()C.);:. ~()(.) 2 
x y=f(x} 
-2 ·-\ (--J.., -\) 
0 ·3 

1 s 
52 \01- - - -- -- --1 I o~u<"~ 
3 C\ ~r!':1C:>V"'\ fl'i-)·. 
5 \ ,, (_-~.s, -?-') 
107 'l \"'.l -\'cs) b) 

x y=f)<1 
-1 -~ 

3 C> 
5 \ 

107 s~ 
- -2 - --~. 5"" 

0 -l. 5" 

1 -\ 
52 ~4.~ 

-

(-~) .. 2-J 

\!) ~br-~ 
A:Y-5 "UY\ ~ - I Ci) ~ 

l q ·3) 
I 

( \3,'?) 
(~ 1-::f- I \ O:f-J 

3) Find the inverse of the function. Graph the points of the function. Is the inverse a function? 

x y=f(x) 

0 2 
1 3 
2 4 

3 5 

x y 

1.-- 0 
'?J \ 
y 1-

5 7 

x y=f(x} 
-1 2 
1 3 
2 4 

5 3 

x y 

·?.. -l 
·3 \ 
4 ~ 
3 " 

'yl,OJ ~ \V\~ 
\.s ~t)..~on 

\o .e.c:a,uS ~ r-f.. -:::.. "3 \A.as 
-h..uo 'j-....rcJ.,u.es J \ c;t.,V\.-d "5" 
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µ-o r ( -i.-o vv\-a, \ \..-\ ~ ·--\~ <o.\-- ( \-\ . \- ~ \.) 

A ~~ ?a7?-e$ ~e.- \1t~YV\~\ \\\.-1-e..i ks+ lf : 
.ev'PVj f&>~4~ b\e,, \ VVL~~ ~OY-.l-Z.,D...-.-\zl_\ ~\vie. 
(;AC>~&_,,e,5 .~.e-~~h ~ a.f WtoS~ OV\e..- ~-,A~ 

\:-f- ~ fj ~~ - ~a-?~S -~--e ~o t"' \ ~-k\ \I vt.e_ ·ks+- w.,e_, 
Sc4-y ~+- 1·\- l S C>Y}-<.- -1-o - 0 V\e- · / 

:J:_~ 0- ~ ~ ~ , ~ s.e.s. ~ -e- v .e,,-.--\..-\ ~ \ 1 \ V\J2.; -k-s+/ 'w-e.. 

5a.y ·~ ,.\-- \> °'-~Vt.~~. 

~ ~ ~ ~ ~ pCLS S-e-J. \o o ~ ~e_ \-\ • l... ,J. t'L-Vld..- -V\..t.e__ 
VJ~ S<X.y ~+ \-\- \s et,vt \ V\V.e,v---l-'\!:> k ~vu::h'ovi. 

~ (CVJC,C:eS ~ \S ~ vl:'--t ~ ~V\,~O"Y\ 

*-. 
_.:.'--; \ s 

e-vte--.\o.,, DY\ e-

I+ ~ "f>O ses 
b~ 
v. L- .\. av\A 

~ \+.\..-.~ 
\ -\.- .. , 5 o..V"\ 

'\ 11\~...\.1 h\e.-
. 'GUY\c*1 OV'\ • 

W \A,\ \..v \\- \s o.-\~'-'~ ?o~s.\b\~ -\.c S'-"''f --\'\,...~ -x aJA.cl ~ 
COo-<d,\ ~\es -\--c ~~ c.t,V\ \\l\~.12_.) 

\ f: -\1Ae,, ~..e.-2 u..t+ VJ..€,, ~J- b~ do~ 5o \s V\o+- a.._ +u..V\_oti~D\.'\ J 

U>R_ 5~ \-\- .LS ~o+ a.V\ l vivev--+_:; b le, fu,VLC-f-i OV) . 



For each graph, identify , 7 
a) Is it a function? :::: -Po.e> ,.\- -p~S ~ V1. .. :\. 

b) Is it one-to-one? -:::= -~~ \-.\- pass ~e l-\1-.-r~ 
c) Is it an invertible function? -- -Vo.es \...\- ipo..SS b~ ~ VC....\ ~ -\{.u, \tt..-r ~ 

1~'1-? ~ ~-e-5> VL--1'"'" y~'f ~5~s 
b) \'10 \{1..-\ h Yl.D tl1.;:t-

c.-) v::o 
4 ... _, 

-2 -1 I 2 ' 4 

-1 c.,) V\O -1 

-2 
_, 

_, _, 

... ... 
5) 8) 

O..J ~.e.,S -V~ ri) VU:>-Vt..-'\ 

y = -~"J ~) 'f-e-5 \t1.. \ x:::;.3 \:,)ye f 

,,,.--°" CJ, 1feS · G) WJ. 

... -3 -2 -l l 2 3 4 

-1 
-2 

_, -2 

... -3 

6) ... 
9) 

y:: 'i-1-3 
~ ~.e~ y==-i 

~ ~e-S \o) ~-e.-5 
c) 'f~) \?) 'ies 

0) ~e.5 
... -3 -2 -1 l 2 ' 4 ... _, -2 _, I 2 3 4 

-I 
-1 

-2 
-2 

-3 
-3 

... ... 
7) 10) 

.~. 



11) 

~ 

12) 

Find the inverse of the function. 
a) f(x) = 2x+3 i;e-e '/\e.-~.\-- f'~ e, 

b) f(x)=4x 3 -l 

c) f(x)=V5x+7 

d) 
8 

f(x)=--
2x-3 

Graph the function and its inverse on the same grid. 
A 

17 IC. 
I 

I / 

1/ _v 

f ~ 

-\ 

a} f(x)=2x-5. , 

!.+ 

I/ 

~ 

/ ..... 

\/ 
1~ 
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~_,..v 

_..\/ 

v 

/ 
, 

' 
/ 

) 

I 
, 

"Ii'. f 

j,_ 

-1:1 
_,'/ ,'I/ 

_,..v / I 

I/ I 
, 7 

,' I/ 
j 

l/ 
I 

I 

I 

I 

----- ~~~~~-

Jr 1' ,:\ 

I 

j I/ 
I I/ 

I 
,I J , - '/ / 

// 
I '~ 

I J ,, !....-

'.("" 

-·I 
/ L/ 

I ")(J / -
<E ....... [/ 

b} f(x) = (x+5)3 ·" 
rr 1,.. J 

.\ '· I 
\lt ' 

v " 

' 
/ 

L-- I--

/ 
r)( 

p, 

'ti<~ -

/ 
I/ 

/ 

1--

_( -., _, 
·t 

)J o-t:\ (_,Q., ~-\-
s w~p\~ -\he. 
y:.. Ov\ll-~ ~ 
CO 0Y A:\ V'- o.:,.\-e S 

or~s °'
~vtt-p~ -1-fAu,+-
{ s a r-e-f 1.et--h oY\ 

of" -\1Ae e-tr-1 ~ \ lt'LCt-\ 

CJ-~l-i I 

1'\A ls '(-e,. t-\ e.di 0 V\ 

\c, a.lw~5 
cl W\ I Y-Y-0 Y--

\ VV\~ d,01)SS 

~ ~t~\/l.£l,\ 
\\V\e. t~~. 



- fV\a,t{A :}O 

@ ()\) {:[)() -:: ~ 'f.~ 3 

5~i "/ = ?-~ +3 

s-lef2. x = ") y 4-3 

~1 X-3::: ~y 

X-3::: y 
'.2 

'j:: )(-3 
a 

b) .(: l1' J-:; 11-~"" - \ 

't:;: 4~1-\ 
'I'( ::::- l...\ 'i?. - \ 

~+-- \-:::: 41~ 
i.t L-t 

~ ~y 
w 

/-= ~X+J (f2._ 
w -ifZ 

+ -\ (y;. >-=-·v ·7-{_~ +,) ~ 

7-

10.h'VtJ lV\~·. 

~ \ ·. ~\Gt£e.--.Ccx) by y · 

s-ke <l : s WtLt> )4 ~ y 
s!er 3 ·. r % lo.:ie. y 

_-s-ke 4: t<.eelace_ y Joy +-'{x). 



Mee~-:}-() 

c) -0U) = Uis-x +--:r 

5kf 1 Y-=- V'iK+7t 

5~'2-- f. =- if 'O ~ +-q. 

~ke 3 'f..-:; -:=.. r:; y + i
~ 

X -f--=-- S'j 
s- 15" 

1 =- i (x ~ - -:"/--) 

2t-3 

'I=-~ 
2.~-3 

x =- <6 -
<'2'f-3 

x ('2y-i) .::::-~ 

1--'f - 3 -=- ~ 
x 

c_ross- h1-< .. ~-t-hplt1 +o cJeQ,v- ~t.tc.-fi'·Ovl.S 

J:, ".,\ Ae- \od X. -\-o bo·~ s \ cks 
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0 ~c)('>-.:. ~F -t Li 

.\- ~1 (_ ~) :::- (?c - 4 )~ 

~ \ li-) .::- ? 
_...---

')(-1.. 

~ -:- ~ --x--i 
y.. - ~ -

'(-'-

x( y-2):: ':> 

xi - 1y. ~ 3 

x ~ ::. ]..~ -t- 3 

'I -- '2 ')( -\- -:; ----)( 

-t-' (i) ::- '2-'>< ~ 3 
~ 

'/... 

f ~ 

-
,, 

/ 

/ 

!/ 

t-
f-' / 
1_, I 

T 1 

It-. " 
/ 

/ 
/ 

1, f 
I .l->;.. 

- ,._ 
~ 

J / -
L/ / I 

~ 

, I 
I 

,I I/ 

I/ 1/ 
---r 

1, 
I 
I -
I 

I ,, l ...-\ 

- ---------------

/ 

-
I I I 



*·.?r-~ r__e_ ~tv(s e/~VL \.{: Ho.-~XL c~ ~ \IV\o.,ke yotA. do i-+ t * 
·~ © ~.krm·1 v'e", {-9 f°')

1

::::- x_3~:;z cc111) @Cx) ::= (fX-:i o_r-e, 
'f\'{ex·sec; ot· ea-ch o-t v1e.r. 

To d-eVYIOt'\:::;\-ro:te.. -fk.cd- +wD 
s~ovJ fv-J o ~·, Vl°iS · 

"-' 

1) +: C q Ci))=~ 
'-' 

?-) ~C-tc~Y)::: 'X 

f (5 Ci) J ==- ( '!) X-;;). /
3 
+ i 

~ 0f3~;)-·=;~-

(/ x3 
rx / 

' ·'I 
.-. V'f\4_~ lfY' o.\-<.e yY'\ t) re.. 5J2 V-> s.e. I+- \N-€_, 

o\.e,vY-ov1'3+ro.-+.e. w\-~ CL vo~LLA.R. --Po.- ;c 

)( -;:- \ 

B c I) ::: ~-, :::: z/-1 ;;. -) 
-f' (-l )-== (- ! J + ;2. -=-- - I + :d- =-

St VY\\\ arl~ -f'o-1' 3 ( +c,()) = X: 

:rt y._;:=. '' 
.f(\J:::: \~~~:::: 3 

d-- s o<,_ VY\~ v oJ \..A..Q ..> X = l 
tx,S. ~+ ~r+- . 

.f(~C\)J ::...\ 

..9:J.. ·Nie... v a.. Cw Y. :::: I 
as D:4- s+"" r ,,f., 



9.1.27 Ift\x)=x 2 + 8, g(x) = Vx and h(x) =2x, write F(x)=4x 2 + 8 as a composition using two of the given 
--- , functions. 

F(x) = <L'J 0 0)(x) 

G; veV\ f ex)-== x7.+25 
3cx)= rx 
hCx) == '2X. 

1\€Wr'1+-e, RX)::: ttX2 + ~ ()5, Q Cornpre't+lun oP ~o ~V!C.\-\oyi5' 
No:hce« E/x) ~ {X ~as Cl sq~ o/Ocl-/ br-

FGc) :::-~ x7--+-~ haS' \re ~~uax9- rccJ-. 

So W-e., ~robCAb~ ctx-e~t- (10 7~ -4-o us-e. (_!f'><) oJ- o. I/· 

\J\fe' l l 1.ASe t'cx) ~ ;<2-+ '6 

k ex)-:::- 2X. 

1+~ -ei~er (toh)(x) Dr (~1'f)(x). 
\Nov-~ o u.+- W~oJ-- i"tt.eSQ. ~r-e., « 

C+0 hXx) 
-= t (h(x)) 

(}-XJ ~8 
·- 4>(-+-b 

1' 

(_\no+)Cx) 
~\,,(+ex)) 

Q. ( )(?--\- 8) 

:::_ 21: +-lb 

~10 'is w Y W,e. WaVil-eol. 

J F{x) = ~o hXx),] 
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(to~) & ) ~ tl ~ (~)J \5 {\Ot ~ '5ctvYl€- a.s ~ 0~ )(~) :::- ~(f6<.?) 
as v>J~ Sc;i..,\l'J lV\ o~ ~r:ev\o LL~ 'Wo1K ·. 

® 

® 

(D e) ~~of)(x)::: ~~+S1(-3 
.f) Lfo5 j()C) = \Q_?C'l--52.~-+ S(o 

® ~; CB o -t) c><, ==- ~ 

h) (_~o 3) (~) -:::: 1-i 

On interstate trips, a driver averages 54 mph. The distance d in miles traveled in t hours is given by 
d~t) =r.54t. Because the driver averages 25 miles per gallon, the number of gallons g used is given by 

g(d) = ;d / 25. The cost per gallon is $2.9~, so the total fuel cost is given by c(g) = 2.95g. 
a) Write a function describing the number of gallons used int hours of travel 
b) Write a function describing the total fuel cost in t hours of travel. 
· c) Determine the total fuel cost of a 12-hour trip. 

°') @Cd (-t)) := St./_!_ -==-~Cot J 
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An oil tanker suns aground and springs a leak. The oil spreads out in a semicircular pattern from the 
shoreline. The distance r (in feet) from the tanker to the edge of the oil spill at time t (in minutes) is 
given by the function r(t) = 20t . 

a) If the area of the semicircle is given by A(x) = _!_ 11X
2

, where xis the radius, write a function for the 
2 ' 

area covered by the oil at time t 
b) What is the area of the oil spill after 5 minutes? 
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